Abstract. We construct a finite approximation to a Jordan curve with the given pair of bending measured laminations.
Introduction
Statement of the main result. This is the first in a series of papers about bending invariants of Jordan curves on the sphere. The content of this paper provides us with the basic approximation theorem to construct a Jordan curve on the sphere with the given pair of bending measured laminations on its pair of convex hull boundary components. The setting for the main theorem is as follows. Let D be the unit disk equipped with a complete metric of constant negative curvature −1. For σ = ±, L σ is a finite lamination of D, i.e., it is a finite collection of pairwise disjoint geodesics in D. These geodesics are called the leaves of L σ . E σ denotes the set of the endpoints of the leaves of L σ and E denotes E + ∪ E − . D * denotes the complement of the closure of D in the sphere. For any finite lamination L on D, L * denotes the lamination on D * whose leaves have the same endpoints as the leaves of L. We assume that no two leaves share an endpoint. An external component of L σ is a connected component of D \ L σ whose boundary contains only one leaf of L σ and a leaf is called external if it is on the boundary of an external component. We assume that the pair (L + , L − ) is fully binding, i.e. any external leaf intersects two external leaves of the other lamination (see Figure 4) . Given a finite measured lamination L with the set E of endpoints, any map f : E → S 1 that preserves the cyclic order of points, defines a new finite measured lamination denoted by f (L). For any finite geodesic lamination with assignment of a weight 0 < w(l) < π to each leaf l, G L (D) is defined to be the Möbius structure on the disk obtained from the standard Möbius structure on D by cutting along all the leaves l of L and gluing a lens of angle w(l) to each of them. The natural extension of the developing map of this Möbius structure toD defines a map G : S 1 → ∂G L (D). We assign the same weight 0 < ϑ < π to all leaves of the pair (L + , L − ). Then the finite simultaneous bending theorem states the following (see Figure 3 ). 
Theorem (Finite simultaneous bending). Given a pair (L +
Notice that the maps
• f + are defined only up to post composition with a Möbius map and the theorem claims that restrictions of these two maps to E are in the same Möbius equivalence class. Moreover the assumption on all weights being equal to the same number ϑ is necessary. We will also show that there is an interval I and a family (f + , f − ), ∈ I, of pairs of maps such that any pair (f + , f − ) of maps that satisfies the first conclusion of the theorem must satisfy f Motivation. Now, we briefly describe how this theorem fits into the main goals of this series of papers. We regard the sphere S 2 as the boundary of the 3-dimensional hyperbolic space H 3 . Given a parameterized Jordan curve j : S 1 → J ⊂ S 2 , the convex hull C(J) of J is defined to be the smallest convex subset of H 3 that contains all the geodesics connecting pairs of points in J. The boundary of C(J) consists of two disks D + and D − . When equipped with the path metric inherited from H 3 , D + and D − are both isometric to the hyperbolic plane H 2 (see [7] ). Moreover, for σ = ±, any isometry from D σ onto H 2 , extends to D σ = D σ ∪ J and defines a map h σ : J → S 1 . Different choices of isometries lead to post-composition of h σ with a Möbius self-map of S 1 . We call the class of the pair of maps f σ = h σ • j : S 1 → S 1 , σ = ±, up to post-composition of the two maps with (possibly different) Möbius self-maps of S 1 , the marking maps for J. For σ = ±, D σ is a pleated surface and its pleating locus defines a measured lamination µ σ on the unit disk D regarded as a model of the hyperbolic plane.
Let J be the space of all parameterized Jordan curves on S 2 modulo the action of P SL (2, C) . We define Θ and Σ to be the maps that send any J ∈ J respectively to the pairs (µ + , µ − ) and (f + , f − ). The image of Σ is defined up to the product action of Möbius self-maps of S 1 on the two components. For a Möbius map M and a Jordan curve j :
) and therefore M • j and j have the same Θ and Σ images. The main goal of this series of papers is to show that Θ and Σ define homeomorphic correspondences between certain subsets of J and specific subsets of their images.
One special case is when J is the limit set of a quasi-Fuchsian groupΓ. In this case, one can fix a Fuchsian group Γ 0 and parametrization j of the limit set J can be chosen to satisfy j
defines a Fuchsian group and C ± = H 2 /Γ σ are the hyperbolic structures on the two convex core boundary components of the 3-manifold H 3 /Γ. The maps f σ can be regarded as the extensions to S 1 of the lifts of the quasi-conformal marking maps from the base surface H 2 /Γ 0 to H 2 /Γ σ . Moreover µ + and µ − are the lifts of the bending measured laminations of the two convex core boundary components of the 3-manifold H 3 /Γ. Both maps Θ and Σ have been studied extensively while many questions remain unanswered (see [2] , [4] , [6] , [12] , [13] , [17] , [18] ). One of the main goals in this series of papers is to answer some of these questions and also understand some of the known results in a different way which does not use the hyperbolic geometry of the 3-manifold and the corresponding quasi-Fuchsian group. This, in a way, is similar to the treatment of the earthquake theorem in [21] or the proof of the simultaneous uniformization in [1] that do not require the group invariance of the given circle homeomorphism or the two conformal structures.
In this paper we take the first step in understanding the image of the map Θ. In other words, we are interested to know if for a given pair (µ + , µ − ) of measured laminations, there is a Jordan curve that realizes this pair as its pair of bending laminations. Although we won't be able to answer this question in the stated setting, we will give an answer to a finite approximation to the problem.
A Jordan curve J, defines a pair of projective structures P + and P − on its two complementary components such that
• The developing maps
are homeomorphisms and they extend to homeomorphismsd g + :
(both defined only up to post composition with a Möbius map).
is equal to restriction of a Möbius map.
The finite approximation theorem proven in this paper considers the case with µ + and µ − having only finitely many leaves and it also checks ford g − •d
g + being equal to a Möbius map only on the finite set of the endpoints of the leaves of µ + and µ − . In this sense our approach is similar to the proof of the earthquake theorem given in [8] .
Outline of the paper. In the first section we introduce the notation and terminology for finite measured laminations and weighted planar trees. In section 2 we introduce the definitions required to state the finite simultaneous bending theorem. In section 3 we introduce certain configurations of disks, called complexes of disks, which are parameterized by pairs of weighted planar trees. We will show that the finite simultaneous bending theorem is equivalent to an existence theorem for complexes of disks. In section 4 we show that the existence of complexes of disks is equivalent to the existence of certain maximal ideal disk patterns. In particular we show that the finite simultaneous bending theorem follows from a version of Andreev's theorem proven by Igor Rivin in [14] , [15] , and [16] . In this section we also give example 4.4 to show that the assumption on the equality of the weights is necessary. Planar trees. Let T be a planar tree. We define ∂T to be the set of all vertices of T with valence one. We denote the sub-tree generated by all the vertices of T which are not in ∂T by int(T). A rooted tree (T, v (1)) is a tree with a choice of a vertex v(1) ∈ ∂T. For a planar rooted tree T, we define C(T) to be the loop defined as follows. We start at v(1) and we travel on the tree according to the following rule: After arriving at any vertex v through an edge e we continue on the first edge connected to v and to the right of e. If v ∈ ∂T, there is only one edge e connected to v, so we travel back along e. This way we have a loop C(T), where every vertex v of T has appeared as many times as the valence of v (see Figure 1 
Grafting and simultaneous bending
Finite grafting. A lens of angle θ is a Möbius image of the closure of the region {z ∈ C : z = re iϑ , r > 0, 0 < ϑ < θ} in S 2 . Suppose l is a geodesic in D with endpoints e 1 and e 2 and M is the elliptic Möbius map with fixed points at e 1 and e 2 and rotation angle θ in the clockwise direction as viewed from e 1 . D \ l has two components; A 1 which is to the left of l when we move from e 1 to e 2 and the other component which we denote by A 2 . A simple grafting by angle θ along a geodesic l is defined as follows. We cut along l and then we glue a lens of angle θ so that for any point on l the corresponding points a 1 and a 2 on the boundaries of A 1 and A 2 after the gluing satisfy a 2 = M(a 1 ). This defines a new Möbius (projective) structure on the disk which is denoted by G θl (D). For definitions regarding Möbius structures see [11] and [19] . Given a finite measured lamination L on D with weights θ i on leaves l i , 1 ≤ i ≤ n, we define G L (D) to be the Möbius (projective) structure on the disk which is obtained from the standard Möbius structure on D by doing simple graftings
One can piece together all these extension maps on ∂A i ∩ S 1 to define a continuous map
. G L is defined only up to post-composition with a Möbius map.
Realizable pairs of finite measured laminations. Suppose L + and L − are finite measured laminations. Let E σ , σ = ± be the set of the endpoints of the
leaves of L σ . Moreover, assume no two different leaves share an endpoint. In particular, E + ∩ E − = ∅. The sign σ is called the type of the leaf or lamination or an endpoint.
is a pair of finite measured laminations with sets of endpoints E + and E − in S 1 and denote
, preserving the cyclic order of points, such that:
(1) The extensions of the developing maps of
2 ) be two pairs of finite measured laminations with sets of endpoints E 1 and E 2 . We say (L
there is a bijection h : E 1 → E 2 preserving the cyclic order of points such that Figure 3 . Set E of the endpoints after grafting along laminations
It is clear from the definition that a pair of finite measured laminations that is equivalent to a realizable pair, is also realizable, and two equivalent realizable pairs admit the same simultaneous realizations. 
Proof. The theorem follows from theorem 4.16 and lemma 3.5.
Remark 2.4. In example 4.4 we will show why, in theorem 2.3, we should assume all the weights are equal to the same number.
For the pair (L + , L − ) to be realizable it is not necessary to be fully binding. Here we define a weaker notion that is a necessary condition.
Notice that an external leaf of each lamination can intersect at most two distinct external leaves of the other lamination. When a pair is fully binding every external leaf intersects exactly two external leaves of the other lamination and therefore a neighborhood of S 1 is covered by external components of the two laminations. This means the closure of any component 
. ∂D − and ∂D + share four points. Therefore, they must coincide and since F is orientation preserving, D − must be the closure of the complement of D + . Hence for any point
In example 4.17 we will show that there are binding pairs of finite laminations which are realizable but are not fully binding.
In order to prove theorem 2.3 we first show that it is equivalent to the existence of a configuration of disks parameterized by pairs of weighted planar rooted trees. This will be done in the next section.
Projective complexes of disks
Given a fully binding pair of finite laminations, the external components cover a neighborhood of ∂D = S 1 . Labeling one external component of type + as C + (1), we get a cyclic labeling of all external components by going around S 1 in the counterclockwise direction. Right after C + (1) there is an external component of type − which is labeled C − (1) and then C + (2) appears until we get back to C + (1) as we move around S 1 a full turn. Notice that this labeling is compatible with the labeling of the vertices in ∂T(L + ) and ∂T(L − ) described in section 1. We also observe that ∂T(L + As it can be seen in Figure 3 Figure 6 where the union of the disks is not simply connected and as a result it fails to satisfy condition (4). On the other hand, condition (4) without condition (3) is stronger than the simple connectivity of the union of the disks of the same type. The left-hand side of Figure 6 shows an example of the disks of type + with the simply connected union failing to satisfy conditions (3) and (4). The right-hand side of Figure 6 shows the disks of type + satisfying condition (4). As it can be seen, this does not prevent the disks that are not connected by edges to intersect each other. It turns out that conditions (3) and (4) are what we need to show that the union U σ of the disks of each type is obtained from the grafting of the unit disk along a finite measured lamination and the extension of the developing map of U σ toD defines a homeomorphism from S 1 to ∂U σ .
Figure 6.
The following lemma clarifies the relation between the finite simultaneous bending and complexes of disks. 
and any such arc appears on the boundary of exactly one D A . Therefore existence of a point in the intersection of
) having a self-intersection which is against the first condition in the definition of realizable pairs of finite measured laminations. Condition (2) of complexes of disks is satisfied by condition (2) in the definition of realizable pairs. Moreover, the points in the given realization of (L + , L − ) are exactly the union of the points of intersection of the boundaries of C + (i), D − , and 
. As we saw above, condition (4) of complexes of disks implies that there are homeomorphisms h + :
σ be the set of all points that appear in the boundary intersections of pairs of adjacent disks of type σ and denote E + ∪E − by E. Moreover, following the comments in the beginning of this section and condition 2 in the definition of complexes of disks, since the points in h σ −1 (E) appear in the cyclic order prescribed by the pair
, there is a map f σ from E onto h σ −1 (E) which preserves the cyclic order of points on
The induced triangulation and disk patterns
Complexes of disks can be regarded as disk patterns parameterized by a weighted triangulation of the sphere. Each disk corresponds with a vertex of the triangulation and the weight on each edge e determines the angle of the intersection between the disks represented by the vertices joined by e. The triangulation (2-dimensional simplicial complex) that parameterizes the disk pattern in a complex of disks, however, highlights a pair of disjoint trees that define the triangulation in the following way. 
and blue dotted lines connect the vertices
C + (i) ∈ Π −1 (∂T + ) to vertices in Π −1 (ι i−1 (T −
)). Any two adjacent dotted lines together with an edge of
In order to see that the above combinatorial data in fact defines a triangulation of S 2 , notice that by considering the loops C(T + ) and C(T − ) and joining the pairs of vertices C
, we obtain a triangulation of an annulus (see Figure 7 ). Then we glue back along the edges of C(T ± ) to get the triangulation T (T + , T − ) of the sphere. As it can be seen in Figure 8 , the embedding of T (T + , T − ) on the sphere forces one of the two planar trees to appear as its mirror image. To be compatible with the third condition of complexes of disks, we choose to flip T − and keep 
. Once we choose a weight 0 < W < π for any edge of T (T + , T − ) that is not an edge of T ± , the weights on the rest of such edges are forced by the above observation that the sum of the weights assigned to the edges of each face must be equal to 2π. The forced weights may, however, be outside the interval (0, π). It is also possible that by choosing an arbitrary weight W on an edge e of T (T + , T − ) that is not an edge of T ± , and following all the forced assignments of weights, we end up with a weight other than W on e (see example 4.4 below). This gives a necessary condition for a pair of rooted planar weighted trees to be parameter trees for a complex of disks.
Definition 4.3.
We say an assignment of weights w(l) to the edges of the pair of trees (T + , T − ) is compatible if there is an assignment W (e) of weights to the edges e of the triangulation T (T + , T − ) such that:
• All the weights W (e) are in the interval (0, π).
• W (e) = w(e), for any edge e of T ± .
• The sum of the weights assigned to the edges of each face is equal to 2π. Example 4.4. We consider the pair of trees shown on the left side of Figure 9 . We assign the same weight Θ σ to all edges of T σ . By assigning the weight Θ on the edge C − (1)C + (1) the rest of the weights are determined and it is shown on the right-hand side of Figure 9 that by going around once we come back to C − (1)C + (1) with assignment of the weight Θ + 2Θ + − 2Θ − which is not equal to Θ if Θ + = Θ − . This example shows that compatibility is not an open condition on the space of assignments of weights to the edges of a fixed pair of rooted planar trees.
Assignment of the same number 0 < ϑ < π to all the leaves of L ± is compatible. It is because the weights of the edges of
) are ϑ and assignment of π − ϑ 2 to the rest of the edges satisfies the conditions in the definition of compatibility. Each face of T (T + , T − ) has one edge of the trees T ± together with two edges that are assigned the weight π − ϑ 2 . Therefore, the sum of the weights on the edges of each face is 2π. The term maximal is used in [5] for the unbranched disk patterns following the analogous term for circle packings. The first three conditions in definition 3.3 are equivalent to the existence of a maximal ideal disk pattern parameterized by
In what follows, we will show how the fourth condition in definition 3.3 follows from the other conditions and homogeneity of the complex. When no weight is smaller than π 2 , the pairs of disks for which the corresponding vertices are not connected, do not intersect (see for example [9] and it also follows from lemma 4.8).
Since we are interested in assignments of weights that are in the interval (0, π), it is important to understand which pairs of disks may intersect.
We equip S 2 with a metric of constant positive curvature and denote the center of each disk D with respect to the spherical metric by c(D)
is the spherical triangle with sides g (A, B) , g(B, C), and g(C, A). Suppose we are given a maximal ideal disk pattern Q parameterized by a triangulation T. We define a map f Q from the abstract triangulation T to the sphere as follows. 
As a result of lemma 4.7, it is not possible for disks D and D in the given disk pattern to satisfy D ⊂ D . Therefore, if the interiors of D and D intersect, they must be space-like. We try to understand the intersection of pairs of disks in maximal ideal disk patterns in the following lemma. 
Proof. There is a sequence T i , 1 ≤ i ≤ m, of triangles (see Figure 10 , left) such that:
• For 1 ≤ i ≤ m − 1, T i and T i+1 either share a side or they share a vertex.
• D is a vertex of T 1 and D is a vertex of T m .
• 
Now there is a chain of disks connected to D 2 that cover ∂D 2 ∩D . If this chain contains more than one disk, the centers of two of them together with c(D 2 ) must form a triangle T i and the point of intersection of the boundaries of the three disks must be inside D (see Figure 10 , right). Again, this is ruled out by (b). Continuing this argument we obtain a chain [ circle in Figure 12 . Since ∂D and ∂D i+1 intersect ∂D i in the same angle and
Using this conclusion repeatedly, we get θ(DD ) ≥ θ(DD 2 ) ≥ . Now, we concentrate on the maximal ideal disk patterns parameterized by T (T + , T − ) for a pair of planar rooted trees. We assume that the same weight ϑ is assigned to all the edges of T ± and every other edge has weight π − 
Proof. By lemma 4.8, there is a unique proper chain [ 
Among the conditions of complexes of disks, the fourth one is the hardest to check. Here we show that in the homogeneous case, in fact, this condition follows from the other three conditions in definition 3.3. 
, we conclude that condition 4 in definition 3.3 is satisfied. Disk patterns have been studied extensively. The main existence and uniqueness theorem for disk patterns is Andreev's theorem, which assumes that the weights assigned to the edges of the parameter triangulation are all in the interval [ π 2 , π]. Since we want to consider the weights that are possibly less than π 2 , we need to apply a more general version of Andreev's theorem proven by Rivin in [14] (see also [15] , [16] , and [3] Rivin's theorem is stated for convex ideal hyperbolic polyhedra. A convex polyhedron P is a finite intersection of half-spaces in the 3-dimensional hyperbolic space. The boundary of P inherits a natural cell decomposition and along any edges e of P one can measure the dihedral angle. A hyperbolic polyhedron is called ideal if all its vertices are on the sphere at infinity. Given a weighted triangulation T, the dual P of T is a trivalent abstract weighted polyhedron with the assignment of the weight π − w(e) to the edge e * dual to e. The form of theorem 4.15 proven by Rivin states that if the weights on T satisfy the hypothesis of theorem 4.15, then there is a unique convex ideal hyperbolic polyhedron with the cell decomposition structure of P and dihedral angles prescribed by the weights on the edges of P. For any face F of P, let H F be the half-space that intersects P in F and let D F be the intersection of the closure of H F with S 2 . The collection Q = {D F : F a face of P} defines a disk pattern and since P has the cell decomposition structure of P and the dihedral angles are prescribed by P, Q is parameterized by T and Q is maximal. For any triple D F 1 D F 2 D F 3 of disks in Q corresponding with a face of T, F 1 ∩ F 2 ∩ F 3 is a point v on S 2 and therefore ∂D F 1 ∩ ∂D F 2 ∩ ∂D F 3 = {v}. Hence, Q is ideal as well.
Corollary 4.13. If in a homogeneous complex of disks
Conversely, suppose we start with an ideal maximal disk pattern Q parameterized by T. 
